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INTHODUCTION

‘The study of the local characteristics of equilibrium positions generated by
the constrained maximization of svme criterion functions {such as unility,
profit, cost, ctc.) goes back to Antonelli's paper [2] of 1886. Certain local
properties have proved to be particularly fruitful for economic theory since
the early works of Slutsky, Hicks, and Samuelson [9]; they have been formulated
in terms of a matrix of “compensated” terms and they concern the properties
of partial derivatives of the demand function in some neighborhood of the
equilibrium,

We now briefly discuss this matrix and its applications. Consider the max-
imnization problem:

m:xf{.r, i), subject to g{x, a) = &, (1)

where f is a real valued map defined on a linear space and g is vector vahed,
defined on a linear space. Under certain assumptions the wptimal solution {also
called equilibrivm} vector x = &, (@, b) is a C function of @ and &, and, as the
parameter b varies, the constraints describe o parametrized family of manifolds
on which f is being maximized, In neaclissical eunsumer theory, for instance,
f represents a wility function; x, consumption of commoditics; @, prices of all
commuodities; and b, income. In neoclassical producer theory f represents the
cost function; x, inputs; a, input prices; g, a production function; and &, an
output requirement. Ly these models b€ R¥, Important results of the theory
relate to the compensation operator, denoted S, given by the derivative of the
aptimal solution & with respect to the parameter a, restricted (o the manifulds
determined by the solutions of

Sf(x, @) = constant;
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i, 8 s piven by
(#(0a) hia, B)],.., .

denoted also S{a, b). Under certain assumptions, for instance, for a consumer:
S(a, b) == (#féa) a, b) -1 h{a, BY06) Ka, b). (2)

(Sec [9].] Equation (2) is also called the Shitsky-Hicks-Samuelson cquation,
In the case of the consumer, S(a, b} is itself unobscevable, since it represents
changes in the demand duc to a price change when wtility is assumed constant,
but the right-land side represents two obscrvable basic effects called the price
effect and the income effcet, respectively, Similar operators are found throughout
the body of econamic theory. The assumption that S(a, ) be symmetric and
negative semidefinite (SN) has theoretical and empirical implications in utiliy
analysis. )

From these twa properties of a demand function A, for instance, one can,
under certain regularity conditions, prove the existence of a utility function f
such that the given demand # at a price income pair (g, b) maximizes f over the
budget set.! "This is also called an integrability problem {the syenmetry property -
is related 1o the Frobenius property of local inteprability of vector fields or
preferences). In many Sgent models, the negative semidefiniteness property is
related to problems af stability of the equilibrium [3). These SN propertics also
yield most known comparative static theoremis cuncerning  maximization
modcls in econmnic theory, and they have proved uscful in an ample body of
empirically testable results,

LEven though by nature the 5N properties are essentially local, the techniques
involved in their proofs so far have used arguinents requiring convexily assump-
tions of the ohjeetive and constraint functions f and . Since comparative slatic
theorems concern the signs of partial derivatives only in some neighborhond of
an optimal solution, these global assumptions place more stringent restrictions
on the objective and constraint functions than seemn necessary. Local properties
are of special interest in models where global uniquencss of the optimal seiution
rmuay not obtain, for instance, when convexity (concavity) of the utility, cost, or
production functions is not necessarily satisfied (as when there exist r(}m:r-
nalities in production ar consumption [3]). Other types of economic optimization
models which require further analysis are those where there are many constraints
(g vector valued) and those where parameters appear in the ebjective funclion f
a3 well as in the constraints. Examples are models of choice under uncertainty,
models where consumer utilities depend on prices of the commodities as well

VA continuous function b 4 % 8 — X {4 C B denotes a space of prices, B C R+
Teprescnls a space of inctanes, and X C N iy o commodity spice) i called & demanel
function if a - fla, 8) == & fur ell {o, 4). A budpet sct is a set of commadity vecters in X
walisfying, for a price apstean » in A, o balget construint o - ¢ < b [3.
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ag en1 the conunodities themselves (Veblen and Seitovsky [3]), and monctary
models [6). These are contained in the formulation of problem (1) above, The
conditions under which (2) has been proved so far do not include all of (hese
cases; only one constraint is assumed, there is a trade off between the lack of
paramcters and the lincarity of the constraint, and f and g are assumed w be
convex (concave) throughout their domain. Tn certain models with paramcters,
the SN properties are, in geoeral, lost (7). A natural question is, To what extent
do the results of the existeat theory extend to these more general models  In
this paper we study praperties of the solutions of the general contrained max-
imization problem (1), and of a (generalized) 8 matrix, The results extend
others in (6, 7]. We also study conditions on the functions £ and g under which §
has the SN propertics.

The problem studied here is (1) above; an agent maximizing a contrained
ohjective:

max f(x,a)  subject to g(x, a) = §,

where X is 2 compact region of the nonncgative orthant of B, denoted Jn+,
with X diffcomorphic to a ballin R", ae A, be B, A and B similar type subsets
of Rt and R™+, respectively, n = m. An agent s identificd with an objective
function f and a constraint g. Therefore, the space of all possible agents can be
identificd with the product of the space of adimissible objectives and constraints.
Let the space of objective functions 1} = CHAX = A, B1) be the space of maps
from X x A to R* which are increasing in x and k-times comtinuously dif-
ferentiable in a neighborhood of X x A, and Tet the space of constraints be
E=0CHX A, R, k=2 These function spaces are piven a O* norm
topology. We shall alsa consider here the special cases of increasing concaye
objective Tunctions and convex constraints: Let Dy be the space of increasing
voncave {on ¥ € X) C* lunctions { defined on a neighborhood of X » A with
values in R*. Similarly, let #, C £ be the subsct of convex functions {on x e X)
of CHX x 4, B). Let IV denote a €1 bounded subsct of D and D, denote
DDy ; E, denotes By E where Eis a € bounded subsct of £ We next
study propertics of the optimal solutions firg o depending on the paramcters
{2, b). In order to define the matrix § it is nceessary that A, Jfa, £) be a function
and of class O,

Turorent 1. For an open and dense set of objective Junctions f in 1), and any
consiraini g in E, the interior solutions of (1) define locally unfyree € functions
Hy (a, b) on a subset of A % I which contains an afen autel dense set. This iy alio
true for the globally defined Iy fa, b) tehen f it in Dy and g in L,
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T'his result is related to others by Debreu [5], given fur many agent cquilibria,
and Smale [10]. In [5] the agents are parametrized by their endowments in &Y
here the agents are also paramctrized by the utilities in the function space I,
In [10] the one-agent case is parametiized also by utilities; this result Improves
a related one in [10] vsing a different technique. The idea is to study the critical
points of a map  defined as follows. For any g in £, et

$: D x A x B— CAYX x B* X* x D)
be given by
a il
W0, B W) = (o f A 52 —8),

where A R™.

Let & be the set of maps £ in C+Y(B,, X* x B) such that 0 is a regular
value of £, denoted £440 [1]. Note that $-1(8) is contained in the set of elements
in 17 % A % B such that the corresponding interior optimal solutions h, (a, )
of (1) define loeally a unique C' function, by the implicit function theorem

(since (#fdx, A) ${(f, a, b) is regular at the kernel of ¥(f, a, b) if and only if it is
invertible). ‘There might Le elements in IJ % 4 » B such that the corresponding
A, {a, b) define a £ funection, and are not contained in yb~Y(0) since (3{ax, X) $i(f,
a, &) may be singular. Also, the boundary solutions to (1) may not be contained
in i-1(1). Using Sard’s theorem [1] and further srguments, one shows that
$-1{#) is an open and dense set; for a proof sec [4].

Rewark. If the map ¢ of Theoren | is defined instead as

$:D x E x A x B— C*}X x B*, X* x B)
by '
} Wit a8 = (Sf 12 Lg e —2)
..E.- ] ol | - ax altgrg Ir

then n similar proof would yield open density of the set of objective functions und
canstraints in which the results of Theorem 1 bold.

We now discuss a case where the commodity space X is not bounded, We
need some definitions, A subset of a topological space i3 residual or Baire if and
only if it is the countable interscction of open dense sets. By Baire's theorem a
residual set in a Baire space is of the second category (and hence dense). On the
space of C* real valued functions defined on a neighborhood of R we put the
Whitney topology (sce [8]). ‘This topology is defined by giving a busis of neigh-
borhoods (#,} of 0: For any strictly positive continuous function & R** — R,
ge iy if

lelel < A(x), forall xe Rv¥,
and
I} ()] < A=), for all Xin 8%, f=D k.

£
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The space CHE A, R¥)is a Daire space when endowed with the Whitney
tepology.

Conovrany 1. For each constraint gin CHR™ s A 1), the resufis of Theo-
rent | folfow for u Baire subset of ebjective functions f in CH{Ienr % A, REY, and of
farameters in o % B

Lroaf. It follows from Theorem 1 and the properties of the topology chosen
for CH{R"t x A, R, '

We next study the 5 matrix, For a given fand g, 4 necessary condition for an
interior solution of (1) is the existence of 3 A in R* such that

% Fle,a)-£ 2 ﬁ fx,a) =0, and  g(x, ) = b, (3)

Assurne & = .

‘Tueonem 2. Let g € E be repular as a function of x. For an open and dense set
of objective funcitons f and parameters ain P x A » when the corresponding Lagran-
giunt multiplier A of (+) is strictly positive, and 2 defined in (B) below existr? there
exisis locally a Slutshy-type decomposition S(a, b) for the rorresponding cnterior
solutions af (1} piven by

L | () — 1))

(eehiere ¢ and g are defined in (1B} ard (19) belorw).2 If f £ 1), and pel, the result
holds plobafly, I

Proof.  Foragiven fand g, a necessary condition for an interior maximum is
given by (3) above, Locally, at the maximum, the differential associated to the
map given by (3) can be written as

(%3] dx (a—i g) diu — db = 0,
(;_::f) dx - (a%f) da -} ((d_a:’*r) dvla )
+ ({';-:ﬂTﬁf) da) A 1 (- ¢) dr = o.

* Generic existence of 2 of (6) can be proved following the technicques of Theorem |,
! Trunsposes of matrices sre not indicated.
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Let Lix, a, A, h) denowe f(x, a) -+ Ag(x, a) — b). Then (4) can e written as

0 (%5] an _ —(Ei,g)u’u - db 5
Mn%JW((mg) 5

“Thus, for all f, &, b on an open and dense set of b % A % B, by the results of
Theorem | amd by (5),

dvy 0 (c%!.’) & “{%g}n’aw-:ﬂr ﬁ.
{dx]_({%;g) {%L)) ((ﬂf:»,,, L)aa)' - (6

By inverting a partitioned matrix we have

[ Al
20 (2]

x (o) ()
where

zm = ((En) (21 (50)] - ®
From (6) and (T}, '
FYga (_E,- L]_l (-g; £)z {(% g) da — db)
B () G () ) (e

From (9), (9)

aa" (Ex' )_l (ax‘) (an}
e () (B 2 (50 (e ) ) ()

(10)
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" S () ) a

We now consider the eflcet of a “compensated® chinge in the vectar a,

obtained by a change in the parameter &, which keeps the value of tle vhjective
function constant, i.e. - When

df v ( ).:.’xl-( 52! da 0.

From (3), this implies that at the maxima,

—)- (E‘ig] dx - (53;) dat == 0. ' (12)
Also,
dh = (%g) ix 4 (%g] da. (13)
Hence, by (12) and (13) when df = p,
—A(db-—a—a-gdﬂ}—i—;;hfa =0, (14)

which implics that when df =0, the &4 are not alf linearly independent. For
instance, if b is the 71l component of the vector &, in compoient [urn we get

(bt — (%g'] d’.r:] = { f) da — + [ A (--‘ﬁ*- (— y*) n’u) (15)

L
Thus (14) and (15) inply that
dh — ((8)2a) g) dla, when  df 2: 0, (16}
biecomes
é &
@)t (B ) @
where
ith place
po== (00,0, 1 . 0) (18)
and
&= () 97 heeymt, F s L, m,
e | W g=r g
’ 0 o gsir and g2 (19)
A

R T

opea i, amd if belt, § -0
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Therelore, from (9), (16), and (17) (denoting dx restricted to f =¢, by d<|,),

s (1) ()2 () o () )
)+ ) ()2 () () )
2]~ () G2 () +4 ()

- [ ) (e 2 o) () ) (o)

(20)

So, by (10), (11), nr.u:l (20}, we obtain

e NTE

=gl w e (e~ ()
[t + ) (Go) 2 () () ] ()
= S(o.b). (21

Since the x in (21) is by assumption a maximum, this completes the proof.

2

In Propositions | and 2 we study some conditiuns and furins of ubjective amd
constraint functions for which S(a, ) Las SN propertics fur the whole apace of
variables and parameters,

Prorosition 1. Asume the objective function f(x, a) has the form

(i) f=vla-x] + [+ fHa) and the consiraints y(x, a) have the form

(i) g'=8a-z]+ (=) 4 ¥0) F=1L20m, and the comlitions of
Theorem 2 of Section 1 are satisfied for f1, f2, and g", g% Then there exiily a
snrgue focal O solution for problemen (1) of Section |, and the Sheshy-type
decampusition is symmeiric when n == g.
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Proof. In view of Thearein 2 we olitajn
S b =~ [(5rt) "+ (ort) (2e) 2 (Ze) (Sr) | (55 t).
Computing ”
(mat)

for the above objective and constraint functions we obtain

(art) =

This completes the proof,

¥ - A [}
0 ¥ - Ad

ProrosiTion 2. Under the conditions of Froposition | when f& D, and g€ E, ,
the Slutsky operator 5 is negative semidefinite if

4T A8 = 0.
i

FProof. Negative semidefiniteness of the Slutsky operater S is obtained from
the conditions for (i) and (ii) of Proposition 1 as follows. First we prove that

g -t @ i o\ gB a1 41
p=[(r) +(a=t) (o) 2o (5o ]
is negative semidefinite, ’
Let z be any vector, and define a quadratic (0, = 2'Da. Let Jf == {(&/8x%) L),
and H-'# be the symmetric nepative square root of /-7, Define u == H-11%,
where v = (3{dx) g, and y = H-'#5, Then, -

Qo =5y — Yu(wu) 'y
=P =Nl 'y i
By the Schwarz inequality, 0 = 0. So, S(a, &) will be negative semidelinite if
{88z da) L is positive semidefinite since under the conditions of the jrroposition,
{8z da) L. is diagomal. DBut (#/8x da) L is positive  semidefinite if
y - DAS = 0. This completes the proof,
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